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Abstract 



We consider a purely massive local relativistic quantum theory specified 
by a family of von Neumann algebras indexed by the space-time regions. We 
assumc that, affiliatcd with the algebras associated to wedge regions, there 
Oh| are operators which create only single partiele states from the vacuüm (so- 

called polarization-free generators) and are well-behaved under the space-time 
translations. Strengthening a result of Borchers, Buchholz and Schroer, we 
show that then the theory is unitarily equivalent to that of a free field for the 
corresponding partiele type. We admit particles with any spin and localization 
of the charge in space-like cones, thereby covering the case of string-localized 



' covariant quantum fields. 

! Introduction 

. The Jost-Schroer theorem states that if the two-point function of a Wightman quan- 

tum field is that of a free field, then it coincides with the latter. The theorem has 
been proved by Schroer [34], Jost [24] and by Federbush and Johnson [20] for the 
^ . massive case, and by Pohimeyer [32] for the massless case. Steinmann [35] has 

^ I extended it to quantum fields which are localized on strings (rays) with a fixed 

space-like direction as explained below. 

Here, an analogous theorem is shown in the more general algebraic framework, 
where the theory is specified by a family of von Neumann algebras indexed by 
the space-time regions. Such an extension of the theorem is of relevance in view 
of the existence of "non-local" models which do not correspond to point-localized 
Wightman fields, as realized in recent years [15-17,22,23,31]. Another relevant 
aspect of the present article is that its results and methods should be useful in 
the systematic construction of a quantum field theory for Anyons with "trivial" 
S-matrix. Of course, both the hypothesis and the conclusion of the theorem need 
appropriate modifications in the algebraic version. As to the hypothesis, we only 
consider theories which contain massive particles (of arbitrary spin) separated by a 
gap from the rest of the mass spectrum. The hypothesis of the Jost-Schroer theorem 
for Wightman fields is then equivalent to the condition that the fields generate from 
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the vacuüm only single partiele states. So the appropriate hypothesis in the algebraic 
setting is that there be operators which 

1. crcate only single partiele states from the vacuüm and are affiliated^ with 
certain local algebras, and 

2. are well-behaved under the space-time translations in the sense that they give 
rise to tempered distributions (see Section 1). 

In fact, wc shall assume only the existence of such operators affiliated with 
(Rindler) wedge regions^. Such operators have been called temperate polarization- 
free generators (PFG's) by Borchers, Bucholz and Schroer [7]. These authors have 
shown that if there are temperate PFG's for wedge regions, then the elastic two- 
particle scattering amplitude vanishcs in an open set, which in the case of compact 
charge localization implies that the S-matrix is trivial. It is well-known [7] that in 
any purely massive theory there are PFG's (satisfying only the 1®* property) for any 
given wedge region, in fact, there are sufHciently many as to create a dense set in the 
single-particlc spacc. Thus our hypothesis only concerns the temperate behaviour 
of these operators under the translations (2°*^ property). Our conclusion is that 
then the net of local algebras is unitarily equivalent to that of a free field for the 
corresponding partiele type.^ 

We admit the most general localization propcrties for the charge carried by the 
particles, namcly, localization in spacc-likc concs [14].^ (For simplicity, we con- 
sider only U{1) inner symmctries.) Our result therefore also applies if the local 
field algebras are generated by string-localized covariant quantum fields as envis- 
aged in [31,35], inspired by the ideas of Mandclstam [28]: These are operator- valued 
distributions (pi{x,e) living on the product of Minkowski space and the manifold 
of space- like directions e, e ■ e = —1. The fields are localized on strings x + M^e 
determined by the pairs (x, e), namely, ipi{x,e) and (pj{x',e') commute if the corre- 
sponding strings are causally separated. Steinmann has shown [35] the Jost-Schroer 
theorem in the strict sense of Wightman fields for such fields, however only in the 
special case when the space-like directions of the strings all coincide, namely e is 
fixed. In contrast, our result covers the case when the fields are actually distributions 
in e. 

The article is organized as follows. In Section 1, we specify in more detail the 
general setting and the special assumptions, and present the result. In Section 2 we 
recall some facts on the free field algebras. The remaining two sections contain the 
proof of the Jost-Schroer theorem: In Section 3 it is shown that the polarization-free 
generators decompose into a creation and an annihilation part, and that the commu- 
tator of two polarization-free generators acts as a multiple of unity. This establishes 

closed operator G is said to be afEliated with a von Neumann algebra J' if all elements of 
the commutant J-' of J- leave its domain invariant and commute with G on its domain. 

wedge region is any Poincarc transform of the Standard wedge Wr which is characterized, in 
terms of a fixed Lorentz coordinate system, by 

WR = {xeR'': |a;°|<a;'}. (1) 

^It is an interesting open question if the same conclusion also holds without any temperateness 
assumption but if, instead, (non-temperate) PFG's are assumed to exist also in smaller regions, 
namely in space-like cones. 

A spacelike cone is a region in Minkowski space of the form C = a + Ua>oAO, where O e is 
the apex of C and O is a doublé cone whose closure is causally separated from the origin. 
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the Fock space structure. The hermitean polarization-free generators turn out to be 

self-adjoint, and hcncc unitarily equivalent to Segal field operators. The remaining 
problem (Scction 4) is to identify the localized single partiele vcctors (/9o(/)f^o of the 
free theory with single partiele vectors created by polarization-free generators. This 
is accomplished by a single partiele version of the algebraic Bisognano-Wichmann 
theorem [30]. 

1 Assumptions and Result 

We start from a local relativistic quantum theory, specified by a family C — >■ T{C) 
of von Neumann algebras indexed by the space-time regions C in a certain class. If 
all charges in the theory are strictly local, the class may be taken to bc the doublé 
cones, whereas we admit the presence of topological charges [14], hence the class will 
be taken to be the space-like cones. The algebras J^{C) act in a Hilbert space H 
which carries a unitary representation U of the universal covering group of the 
Poincaré group with positive energy, i.e. the joint spectrum of the generators of 
the translations is contained in the closed forward lightcone. There is a unique, up 
to a factor, invariant vacuüm vector ü. The family C — >■ T{C), together with the 
representation U, satisfies the following properties. 

i) Isotony: Ci C C2 implies F{Ci) C F{C2)- 

ii) Covariance: For all C and all g € 

U{g)nC) U{g)-^=ngC). 

(To simplify notation, we identify the action of the Poincaré group on Minkowski 

space with an action of its universal covering group.) 

üi) Normal commutation relations: There is a unitary "Bose-Fermi" operator k, 
= 1, leaving each field algebra J^(C) invariant, which determines the statistics 
character of field operators: Field operators which are even/odd under the adjoint 
action of k are Bosons/Fermions, respectively. Two field operators which are lo- 
calized in causally disjoint cones commute if one of the operators is bosonic and 
anti-commute if both of them are fermionic. This is equivalent to twisted local- 
ity [19]: If Ci and C2 are spacelike separated, then 

ZJ^{Ci)Z* C 7^(02)' , (2) 

where Z is the twist operator, Z = (1 + iK)/{l + i). 

iv) Reeh-Schlieder property: For every C, J^(C) O is dense in Ti. 

We now specify our assumptions. As to the partiele content of the theory, we 
assume that there is one massive partiele type (possibly with anti-partiele) and no 
massless ones. We thus make the 

Assumption 1 (Massive partiele spectrum.) The mass operator \fP^ has one 
isolated strictly positive eigenvalue m. The corresponding sub-representation U^^^ of 
is irreducible (neutral case) or has a two-fold degeneracy (charged case). 

We shall call the corresponding eigenspace of the mass operator the single partiele 
space and denote it by 'H^^\ Our result easily extends to the more general situation 
of finitely many partiele types, and larger inner symmetry groups than U{1). Note 
that by the spin-statistics theorem [13], the single partiele space must be fermionic 
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(i.e., must be contained in the (— l)-eigenspace of k) if the spin is half-integer, 
and bosonic otherwise. Our main assumption, namely the proper hypothesis of 
the algebraic version of the Jost-Schroer theorem, concerns the polarization-free 
generators. As mentioned in the introduction, it is well-known [7] that for every 
wedge W there is a dense set of single partiele vectors which are created from the 
vacuüm by polarization-free generators localizcd in W. Namely, the dense set is the 
projection onto the single partiele space H^^^ of the domain of the Tomita operator 
S{W) associated with J^{W) and Q,,^ and the polarization-free generator G which 
creates a given ip G domS" (W) is the closure of the operator 

Go A'ü = A'i;, A' e J^iW)'. (3) 

Following [7] , we call a polarization-free generator G temperate if there is a dense 
subspace D(G) of its domain, callcd its domain of temperateness, containing Q which 
is invariant under the translations U{x) = U{{x, 1)), and if for every ^jJ G D{G) the 
function 

x^GU{x)i; 

is continuous and polynomially boundcd in norm for largc x, and the same holds 
for its adjoint G* . Our main assumption now is that afïiliatcd with every wedge 
algebra J-'(W) there are sufïiciently many temperate polarization-free generators 
as to generate a total subspace from the vacuüm. In more detail, we assume the 
following. 

Assumption 2 (Polarization-free generators.) For each wedge region W there 
is a self-adjoint^ set Q{W) of temperate polarization-free generators affiliated with 
J-{W). Vectors of the form Gi - ■ ■ Gn^, Gi G Q[Wi), are well-defined and contained 
in the domain of temperateness of all polarization-free generators.'^ For any fixed 
wedge W , the linear span of vectors of this form with Gi G Q{W) is dense in T-L. 

We shall denote the linear span of vectors of the form Gi • • • G„0 with Gi in some 
Q{Wi), or respectively with all Gi in the same GiW), by 

D and D{W), 

respectively. Note that set ö{W) is invariant under the one-parameter family 
U{Aw{t)) rcpresenting the boosts Aw{t) which leave the wedge invariant. For if G 
is in Q{W), then for any t the operator U(A\y{t))GU(A\y{—t)) is also a polarization- 
free generator afHliated with T{W) , and it is also temperate due to the commutation 
relations of boosts and translations [6] . 

The algebraic Jost-Schrocr theorem which we are going to prove statos that a 
theory satisfying our assumptions is unitarily equivalent to the net J-q of a free 
field for the corresponding partiele type (m, s). By a free field for the partiele type 
at hand (m, s) we mean a Wightman field which generates from the vacuüm only 
single partiele states of the corresponding type, that is, which maps the vacuüm 

^We recall the relevant notions on Tomita- Takesaki theory in the Appendix. 
The mentioned set is dense due to the commutation relations between the modular objects and 
the translations establishcd by Borchers [6]. 
•^That means, G € g{W) implies G* £ g{W). 

'^Actually, for our purpose it sufRces to consider vectors of the above form where all Wi contain 
some common space-like cone. 
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into the representation space H^^^ of the universal covering group of the Poincaré 
group with mass m and spin s. There are many such fields for a givcn partiele type 
(rn, s), differing in the representation of SL{2, C) according to which thcy transform. 
However, they all generate the same family of von Neumann algebras W — )• J-'q(W) 
associated with wedge regions up to unitary equivalence, as we recall in Section 2. 
We show: 

Theorem 1 (Jost-Schroer theorem for wedge algebras) Suppose the theory 
J- satisfies Assumptions 1 and 2. Then there is a unitary operator V from the 
Hilbert space % onto the Fock space over 'H^'^\ such that for any wedge W and any 
element g in the universal covering group of the Poincaré group there holds 

VT{W)V* = To{W), (4) 
VUig)V* = Uoig), (5) 

vn = no. (6) 

Here, Uq denotes the second quantization of the unitary representation U^^^ of 
for mass m and spin s given by the restriction of U to 'H^^\ and denotes the 
Fock space vacuüm. 

Now the free field, and consequently the family F, both satisfy twisted Haag duality 
for wedge regions (A.2). Therefore their dual nets (A.3) are still local. The dual net 
F'^ is the maximal local extension of the net F and has the same physical content 
as F. Since F satisfies twisted Haag duality for wedges, the local dual algebras are 
given by intersections over wedge algebras, 

F'^iO) = fl F{W), 

see Remark A.1 (d). The same considerations hold for the free net. (In fact, Fq{0) 
coincides with Fo{0) at least for neutral bosons, see Footnote 9.) Therefore we have 

CoroUary 2 (Equivalence of the local nets) The unitary V from the theorem 
also implements, simultaneously for all doublé cones O, the equivalence 

VF'^{0)V* =Fi{0). (7) 

(In particular, of course, the algebras associated with doublé cones are non-trivial.) 

2 Remarks on the Free Field Nets 

A free field for mass m and spin s is a Wightman field (foif), ƒ € iS(M^)(8)C-^, which 
acts on the (anti-) symmetrized Fock space 

Ho = r±(H«) (8) 

over the single partiele space T-L^^^ and transforms under some representation of 
SL{2,C) acting on C^. (The Fock space is symmetrized or anti-symmetrized ac- 
cording to whether s is integer or half-integer, respectively.) The field operators 
'Poif), ƒ € »S(M^) (8) C^, are defined on a common dense domain Dq, the vectors 
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with finite partiele number. The representation of SL{2, C) under which (fo trans- 
forms and the property that the field creates from the vacuüm only single partiele 
States with mass m and spin s characterize the corresponding frec field up to uni- 
tary equivalence — this is the eontent of the Jost-Sehroer theorem for Wightman 
fields. We shall not need an explicit expression for the operators foif) in any of 
these equivalent representations; what matters here is that they are neeessarily of 
the form (po{f) = o-* {^o{f)^o) + ö'(vo(/)^^o))^ where JIq is the Fock vacuüm and 
a*{(p) and a(0), (p G T-L^^\ dcnote the creation and annihilation operators in Fock 
spaee with domain Dq. (The dagger means = A*\i:iq-) Therefore the operator 
^oif) + Voif)^ eoineides on Dq with the Segal operator 

Go(</>) = a*(0)+a(0), (9) 

where (f) = [foif) + fo{f)^)^o, and is essentially self-adjoint on Do [33]. The 
fields ifoif) with supp/ in a given space-time region O gencratc, in some sense, a 
von Neumann algebra J-'q(ö). There are in principle various ways how this can be 
understood [3,5,8], but the minimal requirement is that the elosures of foiD+^oif)^ 
with supp/ C O should be affiliated with J^o(C). Henee the minimal choiee is that 
J^o{ö) be generated by these operators, namely 

Jo(0) = {e^^^(/)+^M/)t| supp/ c O}". (10) 

The corresponding net satisfies the Bisognano-Wichmann property and hence 
twisted Haag duality (A.2) for wedge regions. For wedge regions W the algebras 
J-'o{W) can therefore not be chosen any larger and (10) is the only possible choice.® 
We now recall a characterization of To{W) in the context of Tomita-Takesaki 
tlicory. Let Sq{W) bc the Tomita operator of To{W) and Qq, and let Kq^\w) be 
the intersection of its +l-eigenspace with the single partiele spaee. By construction, 
the vectors (<^o(/) + <^o(/)^)^o with supp/ in W are contained in Kq^\w), henee 
J-'o{W) is contained in the algebra generated by the Segal operators Go{(j)) with 
4> G Kq'\w). But this algebra satisfies the Bisognano-Wichmann property [12]. 
This has two eonsequences: Firstly, this apparently larger algebra in fact coincides^^ 
with J^o{W): 

MW) = {e^^°(^)| € kI,'\w)}", (11) 

and secondly, Kq'\w) is fixed by the representation U^^'^ of up to a unitary 
which commutes with U^^\ Henee the algebra J^q{W) does not depend on the 
particular free field which generates it, but only on the partiele type, namely on the 
representation U^^\ Note that the same argument shows that J^o{W) is generated, 
in the sense of Eq. (11), by any real subspace of Kq'\w) which is invariant under 
the corresponding boosts and has Standard closure. 

*This must be so, again due to the Jost-Schroer theorem, since the two sides of this equation 
are Wightman fields with the same two-point function satisfying the Klein-Gordon equation. 

®The same holds for arbitrary contractible regions in the case of neutral free bosonic fields, since 
in this case Haag duality has been shown [1,21,27] for the algebras (10). In the case of charged 
bosons [18] and of fermions [3,4, 19], duality has been shown for a net which is defined in a difi^erent 
way than (10) and it is not immediately clear whether the nets coincide. 
^°see Remark A.1 (c). 
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3 Fock Space Structure and Canonical (Anti-) Commu- 
tation Relations 

By our Assumption 2, for each ƒ G and G G G{W), where W is an arbitrary 

wedge, there exists the strong integral 



G{f) = J éxf{x)Gix), 



where G{x) = U {x)GU {x)''^ . The fact that G^ G U^^"» imphes [7,29] that G{x) is 
a weak solution of the Klein-Gordon equation G((ü + m^)f) = O on the domain D. 
This gives rise to a unique decomposition, 

G{f) = G+{f) + G-{f), (12) 

namely the inverse Fourier transforms^^ of the distributions G+(-) and G^(-) are 
supported on the positive and negative mass shells respectively. By Standard 
arguments [25], this imphes that for any test function ƒ the operators G^{f) and 
G''{f) have momentum transfer in iJ+ and H~, respectively. In particular, therefore 
G~{f) annihilates the vacuüm and maps single partiele vectors to multiples of the 
vacuüm vector: If G H^^^ is in the domain of temperateness of G, then 

G-{f)cl>={ü,G-{f)ct>)n. (13) 

The action of G^{f) on single partiele vectors has been largely determined by 
Borchers, Buchholz and Schroer in [7], namely, it maps appropriate single partiele 
vectors onto two-particle scattering vectors. We state their result in a coordinate- 
free form. The given wedge W defines an order relation^^ on the forward light 
cone 

V+ = {peR^ \p-p>0, po>0}, 

as follows. Let a be some point in the edge, E, of W. Then — a is a space-like plane 
which contains the origin. For a given g G V+ , the set {E — a) + Mg is a time-like 
hyperplane which divides the forward light cone into two connected components. 
The relation p Q by definition discriminates the component which extends to 
space-like infinity in the same direction as W. In formulas: For p, g G V+ we write 
p Q and only if 

p e {W-a) + R+q. (14) 

Given compact sets Vi,V2 C V"+, we write Vi l^^y V2 if p 9 for every p e Vi 
and g G V2. Now Borchers et al. [7] show that the domain of temperateness of any 

polarization-free generator contains single partiele vectors (p with arbitrarily small 
compact spectral support spp(p, and that for such vectors there holds: 

Lemma 3 ( [7]) Suppose that the Fourier transform f of f has support in a neigh- 
bourhood of a point on the positive mass shell (small enough as to contain no 
other spectral points). Then 

G+{f)(j) = H^^^'^^ ^ "^^""^ ^/ supp/ spp(/> ^^^^ 
\ {G{f)^ X <P)in if sppc/) >-w supp/. 



^^The Fourier transform ƒ of a test function ƒ is given by f{p) = ƒ d'^xf{x)é^^'^ , and the inverse 
Fourier transform of the distribution G is given by ö(/) = G{f). 
^^That is here a transitive binary relation. 
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(We show in Appendix B.3 that this is equivalent with Lemma 3.2 in [7].) Moreover, 
it turns out that the "in"- and "out"-states in Eq. (15) coincide: 

Lemma 4 (Triviality of the 2-particle S-matrix [7]) The incoming and out- 
going scattering states constructed from any two single partiele states V'i,'02 € 'HS^^ 
coincide: 

(V'l X i^2)\^ = (V'l X V2)out- (16) 

This can be concluded from the work of Borchcrs ct al. [7]. They consider an 
incoming two-particle state with arbitrary momenta"'^'^ qi 7^ ^2) and show that there 
are outgoing momenta j9i,P2 with pi + P2 = Qi + q2 such that m{qi,q2\pi,P2)ont = 
m{(li,(l2\pi,P2)m- (In fect, both sides vanish since their {pi,P2} are disjoint from 
{qi,q2}-) The same conclusion is shown to hold if qi, q2,Pi,P2 vary over sufficicntly 
small open sets. In the case of compact localization, it is well-known that this 
implies the asserted triviality of the 2-particle S-matrix [2, 10]. The proof uses the 
LSZ relations and momentum space analyticity of both the time-ordered products 
and of the "intrinsic wave functions" E^^^BQ. In the case of localization in space- 
like cones, these analyticity properties are weaker [9], but still sufficiënt to prove the 
asserted triviality of the 2-particle S-matrix [11].^^ 

In the following we consider two wedges W and W whose intersection contains 
somc space-like cone C. This situation entails two geometrie facts. Firstly, the in- 
tersection of their causal complements W'CiW' also contains some spacelike cone C, 
cf. Lemma B.3, hence the algebra J^{WyriJ-{Wy contains a subalgebra for which the 
vacuüm is cyclic, namely ZJ^{C)Z*. Secondly, there are open sets Vi, V2 in momen- 
tum space such that both relations Vi V2 and Vi V2 hold, cf. Lemma B.5. 
Let now Gi € ö(W) and G2 G ö(VF) be two polarization-free generators and let 
ƒ1 ) ƒ2 be test functions whose Fourier transforms have support in Vi and V2, respec- 
tively. Then the Lemmas 3 and 4 imply that 

G+{h)G2{f2)n = sG+{f2)Gi{h)ü. (17) 

Here, and in the following, £ = 1 in the case of Bosons and £ = — 1 in the case of 
Fermions. (To wit, the l.h.s. of Eq. (17) is {Gi{fi)Q x G2(/2)f^)out and coincides 
with e(G2(/2)^^ X G'i(/i)r2)in by the (anti-) symmetry of the scattering states and 
Lemma 4, which is the r.h.s.) So the difference of the two sides of Eq. (17) is 
the Fourier transform of a distribution supported on iï+ x iï+ which vanishes on 
an open set. We now establish an analyticity property of this Fourier transform 
(extending Lemma 3.4 in [7]) which implies that it vanishes altogether, that is to 
say, that Eq. (17) holds for all ƒ1, ƒ2- 

In the Fourier decomposition of Gi G ö{W) we shall use a Lorentz frame 
{eo, . . . , 63} adapted to the wedge W: Let 62, 63 be an orthogonal basis of the space- 
like vector space E — a, where E is the edge of W and a £ E, and let eq, e\ be a 
pseudo-orthogonal basis of the time-like plane orthogonal \,o E — a such that R"'"ei 
is contained in — a. We shall denote by the corresponding contra-variant 

'^^Actually they consider gi, g2 in the center-of-meiss-system of the form (a>(q),q), (a;(q), — q), 
with some condition on the relation of q with the 1-axes. In view of covariancc and our assumption 
of PFG's for all wedges, these restrictions are obsolete in the present context. 

'^''l am indebted to Jacques Bros, who has explained to me the argument, as well as the existence 
of a gap in the case of non-compact localization, and how it should be closed. 



components of x, and write x = {x^,x^,x^), p = {p^ iP^) G M^. Since the Fourier 
transform of the function Gi{x) is supported on the (positive and negative) mass 
shells, its Fourier decomposition can be written as 

Gi(x) = ƒ ép G,{p)e'P-- 

= ƒ ^^{r+(p)e^'^(P)^°+rj-(p)e-^'^(P)^°}e-^P-=", (18) 

where are (operator valued) distributions on and üj{p) = (p^ +m^)2. More- 
over, Tf(p) has momentum transfer in the positive/negative mass sheh, respectively. 
In the Fourier decomposition of G2 £ ö (W) we shall use coordinates x'^ w.r.t. a basis 
ên adapted to W in the analogous way, yielding 

^'^y^ = ƒ + (^)e-^'^(^)^°}e-^-^. (19) 

In the foUowing we write p^ = {p^-,p^) and q-^ = (g^,g^). 

Lemma 5 (Momentum space analyticity) Let W and W be wedges as above, 
let{PFGi G g{W) andG2 G g{W), and let A e J^{WynJ^{Wy. Forp^ and in 
any compact set M c the distribution ( AO, rj'"(p)r^(q)0 ) is the boundary value 
of an analytic function in the variables p^,q^, analytic for p^,q^ E {W — iW^) fl Um, 
where Um is a complex neighbourhood of the real axis. 

That is to say, for any f^, G 5(M^) with supports in M there is a function 
{p^,q^) ^ { Aü,Tf {p^ , f^)T2 {q^ , g^)^), analytic in the mentioned strip, such that 
for every ƒ,5 G 5(M) there holds 

{An,r+{f^f^)rt{g^g^)n) = 

hm / dp'dq'f{p')giq')iAn,Tt{p' -zs,f^)Ttiq' -ie,g^)n). 

Proof. We consider the commutator function 

K{x,y) = {Aü,G^{x)G2{y)^) - {Gl{:y)Gl{x)n,A*n). 
By the remark before the lemma, the function Gi{x)G-2{y)^ can be written as 

G^{x)G2{y)n = 

whcrc Po = ^ip)-, Qo = "^(q)) ^ind (p± are the vector-valucd distributions 4'±{p,q) = 
Tf{p)T2{q)^- Similarly, G2{y)Gl(x)n can be represented as 



G*2{y)Gl{x)n 



10 



for some vector- valued distributions il>±. Then the commutator function has the 
form 

K{x,y)= [ fPf^e-^(P-^+^y^ X 

where the distributions K± , Kq are given by 

K+{p,q) = iAn,(P+ip,q)), 

K^{p,q) = -{tlJ+{-q,-p),A*Q), 

Ko{p,q) = {AÜA-{p.Q))- {i^-{-q,-p),A*ü). 

Now the restriction of the commutator function to the the time-zero plane x'' = O = 
vanishes if and are positive, since then A and Gi(0, £c)G2(0, y) are locahzed 
in causally separated regions. The same holds for its partial derivative with respect 
to x^. Therefore the distributions 

^ ttt{K+ + K_ + Ko) and -^{K^ - K_ - Kq) 



u{p)u{q) u{q) 

are boundary values (in the sense explained before the proof) of analytic functions 
in the variables p^, g^, analytic in the lower half plane. Furthermore, for p^ in a 
compact set M, the function i— t- oj{p) is analytic in some neighbourhood Um of 
the reals. Hence the distribution Kj^ = ( ylQ, rj'"(p)r^(q)0 ) has the analyticity 
property claimed in the lemma. □ 

By Eq. (17), the vector 

Gt{h)G2U2)^ - eGt{f2)Gi{h)n = 
d?p d^'q 



2po 2qo 



fi{po,p)f2{qo,q) {Tt{p)Tt{q)n - eT+ {q)T+ {p)n} , 



Pq = io{p), qo = u}{q), vanishes if the supports of fi and ƒ2 are contained in the 
open sets Vi,V2- By the analyticity property established in the last lemma and 
the fact that (TiW)' n J^{W)')ü is dense (as observed before Eq. (17)), it vanishes 
altogether. In other words, Eq. (17) holds for any fi G (S(M^), Gi G GiW) and 
G2 e ö{W). Together with Eq. (13), this yields 

[Gl(/l),G2(/2)].JÏ = c(/l,/2)0, (20) 

where [A, B]^ = AB — eBA and c(/i, ƒ2) is the scalar product of with the left hand 
side. The same relation holds of course for the non-smeared PFGs, and extends to 
the subspace D by Standard arguments [36, proof of Thm. 4-3]: 

[Gi,G2]e = cl onD, (21) 

where c is the vacuüm expectation value of the left hand side. This is the "first 
half" of the Jost-Schroer theorem, and has already been shown in [29] under the 
assumption that temperate polarization-free generators exist not only for wedges 
but for space-like cones, and only for PFGs localized in mutually causally separated 
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space-like cones. (This seems not sufficiënt for the present purpose where we need 
the vectors of the form Gi • • • to span a core.) Now recall that may be 

written as where ƒ_ results from ƒ by multiphcation with a smooth function 

which is one on the negative and zero on the positive mass sheü. Hence 

[Gi{f),G2]e = c{f)l 

holds on D, where c(/) is the vacuüm cxpcctation valuc of the Icft hand side. Let 
now Wi , . . . , Wn be wedges whose intersection contains some common space-hke 
cone, 

n WkDC, (22) 
k=l,...,n 

and let G^ G Q(Wi.)- Taking into account that G'^{f) annihilates the vacuüm due 
to its negative momentum transfer, the above considerations yield 

n 

Gr(/)G2 ■ ■ ■ G„ n = ^ e'-'cfc(/) G2 - Gk - Gn^ (23) 

k=2 

for any test function ƒ , where the hat means oniission of the corresponding factor, 
and Cfc(/) is the vacuüm cxpcctation vahic of [G|f(/), Gk]e- To determine this value, 

note that ƒ_ coincides with ƒ on the positive mass shell, hence Gj~(/)*ri = f{P)G\^ 
and therefore 

Ck{f) = {hP)G\n,Gk^). 

This shows that the operator-valued distribution G'^{-) is, on the sub-space gen- 

erated by vectors of the form G2 • • • Gn $1, in fact given by a continuous function 
G'[{x) and that G~[ = Gi{x = 0) also satisfies Eq. (23) with Cjfc(/) replaced by 
( G^fl, GfeO ). As is weü-known from the usual Jost-Schroer theorem, the results ob- 
tained so far imply that H is isomorphic to the (anti-) symmetrized Fock space over 
T-L^-^\ and that Gf and G^ act as creation and annihilation operators, respcctivcly 
(namely, G^ creates GiJl and G^ annihilates GiO,.) To set the stage for the next 
section, we recall the detailed argument. 

Equation (23), with G^{f) replaced by G^ , implies the recursion relation 

( f^, Gi • • • Gnü ) = {n, G^G2 ■ ■ ■ Gn^ ) 

n 

= Y,^HG*in,Gkn){n,G2---Gk---Gnn) 

k=2 

= (f^o,Go(0i)---Go(0„)^^o), cl>k = Gkn, (24) 

where Qq is the Fock space vacuüm and Go{(p) is the Segal operator (9). The last 
equation holds because the canonical (anti-) commutation relations imply the same 
recursion relation for the Segal operators. Now an isomorphism between H and the 

(anti-) symmetrized Fock space T-Lq over is set up as follows. For any wedge W, 
let Q{W)^ denote the polarization-free generators G G G{W) which satisfy 

Gü = G*n. 

These polarization-free generators are hermitean, but in general (i.e., without our 
Assumption 2) need not be self-adjoint. In any case, there holds 



G* = G on D, 



(25) 
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since G* and G both create the same vector from the vacuüm and are afHhated with 
J'{W) (see the proof of Thm. 4-3 in [36] for the argument). For a givcn wedge W, 
define an operator Vw from D{W) into Ho as follows. For Gk G Q{W)^, k = 1, . . . ,n, 
let 

VwGi---Gnn = Go{(t)i)---Go{<l)n)^o where (/>fc = GjfcO, (26) 

Vw^ = r^Oj and extend by linearity to D{W). Eq. (24) imphes that Vw is well- 
defined and isometric. Since D{W) is dense in H by Assumption 2, Vw extends 

uniquely to an isometric isomorphism from Ti onto T-Lq. Let now W be another 
wedge such that W CiW contains some space-hke cone, and let Gi, . . . , Gm £ G{W). 
Then Eq. (24) implies^^ that 

llHyGi • • • Gn^ — V^^Gi ■ ■ ■ Gm^W = \\Gi ■ ■ ■ Gn^ — Gi ■ ■ ■ Gm^W- 

Therefore the closures of Vw and V-^ coincide. By iteration of the argument, one 

sees that the same holds true for any pair of wedges W, W. Thus, the closure of 
V^, which we shall denote by Vb, is independent of W and satisfies for any wedge 
W and any G G Q{W)^ the intertwiner relation 

VoGVo* = Go{cP), cl) = Gn, (27) 

on the dense sub-space VoD{W), i.e., on the span of vectors of the form 
Go{4>i) ■ ■ ■ Go{(j)n)^0: 4' G Q{W). The restriction of the Segal operator Go{(p) to 
this subspace is hermitean, and all these vectors are analytic for it [33, proof of 
Thm. X.41]. By Nelson's theorem [33, Thm. X.39], Go{(f)) is therefore essentially 
self-adjoint on VoD(W). By Eq. (27), the hermitean operator G is essentially self- 
adjoint on D{W), and the unitary equivalence (27) of course holds for the self-adjoint 
operators G and GQ{(j)). To summarizc, we have shown: 

Proposition 6 (PFG's are Segal operators) Let G G öiW) with G*n = Gü, 
where W is any wedge region. Then G is essentially self-adjoint on D(W), and 
the unitary equivalence (27) holds for the self-adjoint operators G and Gq{4>), where 
(f> = Gn. 

4 Identification of the Local Algebras 

We have now identified certain polarization-free generators G with Segal field opera- 
tors Go ((/>). However, nothing has been said about the relation of these with the local 
free field operators </7o(/)- We shall clarify this relation for wedge regions and in the 
context of Tomita-Takesaki theory, whose relevant notions we recall in Appendix A. 
The unitary equivalence Vb established in Eq. (27) implements, simultaneously for 
all wedges W, a unitary equivalence of the von Neumann algebras 

:F{W) = {e'^\ G G g{W f}" C :F{W) (28) 

generated by the self-adjoint operators G G Q{W)'^, and the algebras 

fo{W) = {e'^o('t>)\ (t) G g{W)^ü}". (29) 

^^Note that Wi = ■ ■ ■ = W„ = W a,nd Wn+i = ■■■ = Wn+m = W satisfy the condition (22) under 
which Eq. (24) holds. 



13 



The relation of To{W) with To{W) as defined in Eq. (10) is not immediately clear, 
and of course we shall not be able to identify a given vector GQ, G G G{W)^, with 
some i^oif) + ^o{f)^)^Oi supp/ C W.^^ But it suffices to exhibit an isomorphism 
between the corresponding real subspaces of the single partiele space. As mentioned 
at the end of Section 2, ToiW) is generated not only by the set of vectors {ifoif) + 
<fo{f)^)^o but equally well by any real subspace of Kq'\w) with Standard closure 
which is invariant under the boosts corresponding to W. So the crucial point is to 
identify Q{W)^Q with such a subspace of Kq^\w). 

Since the operators in Q(W)^ are afïiliated with J^(W), the real space Q{W)'^Ü, 
is obviously contained in the +l-eigenspace 

in y,^^^ of the Tomita operator of J^{W). Far less obvious is the fact that K^^^W) 
and K^\w) essentially coincide. At this point the algebraic version of the 
Bisognano-Wichmann theorem [30] comes in: The family of algebras C — t- J'{C) sat- 
isfies the hypothesis of [30, Prop. 3] and therefore enjoys the Bisognano-Wichmann 
property on the single partiele space. In particular, the modular unitary group of 
T{W) coincides on 'H^'^'^ with the representers of the boosts corresponding to the 
wedge W , and the modular conjugation represents the reflection at the edge of W , 
see Eq. (A.1). Such operator is unique up to a unitary which commutes with all 
U^^\g), g € V^. (Of course, in the neutral case it is a multiple of unity, and in 
the charged case it is a unitary of the dcgcncracy space C^.) Now the Bisognano- 
Wichmann property is shared by the free field, and therefore the respective Tomita 
operators differ by a unitary which commutes with all U^^\g). We therefore have: 

Proposition 7 (Equivalence of the localization structures in "H^^^ [30]) 

There is a unitary operator V^-^^ which commutes with the representation U^^^ of 
the universal covering group of the Poincaré group such that for all wedges W 
there holds 

ya)ü:(i)(VF) = ü:«(vf). 

Due to this result the real space is in Kq^\w). It has Standard closure 

and is invariant under the boosts corresponding to W since Q{W) is invariant under 
these boosts and V^^^ commutes with them. Therefore, as mentioned above, the 
algebra generated by V^^^G{W)^Ü, coincides with ^o(^)- Summing up, the unitary 
V = r{V^^^) O Vb implements the equivalence 

Vf{W)V* = ToiW) 

simultaneously for all wedges W. It remains to show that J^{W) is not only a 
subalgebra but actually coincides with T{W). To this end, note that the family of 
free wedge algebras J^q{W) satisfics twistcd Haag duality (A.2), hence the same 
holds for the family ^{W). Then W is local extension of the Haag 

^®This is the crucial difFerence from the case when is generated by a Wightman field tp{f) which 
has the same transformation law under the Poincaré group as the free field ipo{f)- In this case, the 
single partiele vectors 'p{f)^i are essentially fixed by covariance and coincide with (po{f)0,o up to a 
unitary [37]. 
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dual (and therefore maximal) family of algebras W i-> T(W), which implies that 
;p(W^=jr(w). (To wit: 

T{W) C Z* J^iWy ZcZ* f{W'y Z = f{W) C J'iW), 

which implies J^{W) = J^{W).) We therefore have shown that V implements the 
unitary equivalence 

VT{W)V* =To{W) (30) 

simultaneously for all wedges W. Furthermore, V commutes with the representation 
of the universal covering group of the Poincaré group, and thus the proof of our 
theorem is complete. 

Acknowledgments. It is a pleasure to thank Jacques Bros for valuable discus- 
sions. Thanks also to an anonymous referee for stimulating a relaxation of AssTimp- 
tion 2, and for raising the question mentioncd in footnote 3. Further, I gratefully 
acknowledge financial support by the Brazilian Research Council CNPq. 

A Tomita-Takesaki Theory and the 
Bisognano-Wichmann Theorem 

Let 7^ be a von Neumann algebra of operators acting in some Hilbert spacc Ti, and 
let ri G 7^ be a cyclic and separating vector for TZ. The Tomita operator associated 
with TZ and Q is the closed operator S characterized by 

SAn = A*n, Aen. 

This is an anti-linear, densely defined, closed operator which is involutive, i.e., sat- 
isfies C 1. It is therefore completely determined by its +1 eigenspace, 

K = {(l)edomS : S (f> = (f>} . 

For every vector in the domain of S may be uniquely written as = (pi + i02 
with 01,^2 € K, namely (j)i = ^{ip + Sip) and (j)2 = ^(^ — Sip), and obviously 
S'((/)i + i(/)2) = 4>i — i4>2 for 01, <?!>2 G K. In particular, is a rcal closed subspace of 
Ti which is Standard, namely K + iK is dense in Ti and K n iK = {0}. 

Writing the polar decomposition o{ S as S = JA^/^, the operator J is an anti- 
unitary involution called the modular conjugation, and the positive operator A 
gives rise to the so-called modular unitary group A** associated with TZ and Q. The 
Tomita-Takesaki theorem asserts that the adjoint action of the modular unitary 
group leaves the algebra TZ invariant, while that of the modular conjugation maps 
TZ onto its commutant. The foUowing facts are relevant in our context: 

Remark A.1 a) Let 7t be a von Neumann sub-algebra of TZ, for which ü is still 
cyclic and which is invariant under the adjoint action of the modular unitary group of 
TZ and Q. Then TZ = TZ. (For then TZQ is dense and invariant under A** and therefore 
is a core for A^/^ [33, Thm. VIII.11], which implies that 7t = 7^ [26, Thm. 9.2.36].) 

b) The Bisognano- Wichmann theorem [5,30] states that for a large class of models 
{TZ{C)}c the modular objects J and A associated with the algebra TZ{Wji) of the 
Standard wedge region Wr and the vacuüm ü are related to the representation of T"^ 



15 



under which the fields transform as foUows. The modular unitary group coincides 
with the unitary one-parameter group rcprcscnting the boosts Ai(-) which Icavc the 
wedge Wr invariant, namely A** = U{Xi{at)) for some real constant a. (Wc call 
this relation the Bisognano-Wichmann property.) Further, the anti-unitary operator 
J represents the reflection j = diag (—1, —1, 1, 1) at the edge of the wedge in the 
sense that = 1 and 

JU{g)J = U{jgj) (A.1) 

holds for ah g ^ V^. As a consequence of these relations, the field satisfies twisted 
Haag duality for wedge regions, i.e., 

zn{w)z* = n{w'y. (a.2) 

The Bisognano-Wichmann theorem holds for the free fields, and has been shown 
to hold in the algebraic setting for any theory satisfying our Assumption 1 and 
asymptotic completeness [30]. 

c) Let {TZ{C)}c be a model which satisfies the Bisognano-Wichmann property. 
Suppose that for some wedge W, TZo{W) is a von Neumann subalgebra of TZ{W) for 
which the vacuüm is still cyclic and which is invariant under the reprcscntcrs of the 
boosts leaving W invariant. Then TZo{W) coincides with Tl{W) by part (a) of the 
remark. 

d) Twisted Haag duality for wedges implies that the so-called dual net, defined 

by 

7^'^(o) = {z*n{o')zy, (a.s) 

is still local and that it coincides for convex causally complete regions O with 

7^'^(o) = Pi n{w), (A.4) 

where the intersection goes over all wedge regions containing O. (The proof goes as 
that of Cor. 3.5 in [12].) It is the maximal local extension of the net TZ{0) in the 
sense that it contains every local extension of it, and has the same physical content, 
for example the same S-matrix. 

B Geometrie Considerations 
B.1 Intersections of Wedges. 

In section 3 we used some rather obvious properties of the class of space-like cones 
and wedges which we prove here for completeness' sake. 

Lemma B.1 Let C be a space-like cone with apex b, and let W be a wedge with apex 
a. (That is, a is contained in the edge of W .) Then C C W if and only if b & W 
and C - b CW - a. 

Proof. Sincc both C and W are convex, C C is equivalent with C C W. Now 
(7 = 6 + RqO where O is causally separated from the origin. Let e G O. According 
to Lemma A.1 of [30], 6 + M^e C is equivalent with beW and eeW -a. With 
the same method one shows that b + Mg'e C if and only iï b £ W and e G W — a. 
Hence C cW is equivalent with b eW and Ö cW - a. But C cW <^ C cW, 
and O C W — a W — a<^C — bcW — a, which proves the claim. □ 
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Lemma B.2 Let Wq and Wq be wedges whose edges contain the origin, and let Cq 
be a space-like cone with apex at the origin such that Cq C Wq Ci Wq. Then for every 
a, a G there exists some b eM.^ such that 

Co + b c{Wo + a)n{Wo + a). (B.1) 

Proof. By Lemma B.1, it is sufficiënt to show that the closurcs of Wq + a and 
Wq + a have non-empty intersection. As a first step, note that for every e £ Wq and 
a G there holds Xe G Wq + a for all sufficiently large A G M. (This can be verified 
taking Wq the Standard wedge. Then Xe G Wq + a if and only if Ae^ > and 
((e^)^ — (e'')^) A^ + 13 X + 7 > O, where /3 and 7 are somc rcal numbcrs. Since > O 
and (e^)^ — (e*^)^ > O by hypothesis, both conditions are satisfied for sufficiently 
large A.) This result implies that for every e G Wq n Wq (which is non-empty by 
hypothesis) there is some A G such that 

Ae G [Wq + a-a)n Wq. 

Then 6 := Ae + a is contained in (Wq + a) fl (Wq + a), completing the proof. □ 

Lemma B.3 If the intersection of two wedges WCiW contains some space-like cone 
C, then the intersection oftheir causal complements W'nW' contains the space-like 
cone —C + c for some appropriately chosen c G M^. 

Proof. By Lemma B.1, the hypothesis implies that {W — a)n(W — a) contains C — b, 
that is, —C + b C {—W + a) n {—W + d). Here a, a are in the respective edges of 
W, W and b is the apex of C. Now the cone and wedges involved have apex and 
edges at the origin. Hence Lemma B.2 applies, to the effect that thcrc is some b 
such that -C + b + b C {-W + 2a) n {-W + 2a). But -W + 2a is just W', and 
similarly for W', and thus the proof is complete. □ 



B.2 The Order Relation on Velocity space. 

Our definition (14) of the order relation p Q induced by a wedge W is obviously 
equivalent with 

p G {E-a)-\- R+e + R+q, (B.2) 

where E is the edge of W, a G and where e is any fixed vector in the interior 

oiW — a. In this form, one sees easily that the relation is transitive. Further, 
relation (B.2) is obviously equivalent with g G {E — a) — M+e + R'^p, hence with 

q G -(W-a)+MV (B.3) 

We therefore have 

Lemma B.4 The relation >-w defined on V.^ by Eq. (14) is transitive. The relation 
p Q is equivalent with q )^-w P- 

In Section 3 we have used the following fact. 
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Lemma B.5 Let W and W be wedges whose intersection contains some space-like 
cone C. Then there are open subsets Vi, V2 ofV+ which have non-trivial intersection 
with and satisfy both Vi yw V2 and Vi y^^^ V2. 

Proof. Let a and a be points in the edges of W and W respectively. By Lemma B.1, 
{W — a) n {W — a) contains the cone C — b =: Cq, where b is the apex of C. Fix 
some velocity vector G F^, and define 

Vi = (Co + Rk) n V+, V2 = (-Co + MA;) n V+. 

Then Vi k and V\ >-y^ k. Further, by Lemma B.4 or Eq. (B.3), k ^ and 
k V2. By transitivity (Lemma B.4), this proves the claim. □ 

For the proof that our order relation is the covariant generalization of the order 
relation used in [7], we shall need: 

Lemma B.6 For the Standard wedge Wr, the relation p Q is equivalent with 

4 > 4- (B-I) 

Here, p^ denote the contra-variant components of p with respect to the Lorcntz 
frame {eo, . . . , 63} adapted to Wr (i.e., the unit vectors 62 and 63 span the edge of 
Wr and the ray R+ei is contained in Wr). 

Proof. We first show that 

P^ = S_ ^ peE + Rq, (B.5) 
pU qu 

where E is the edge of Wr. The direction "<^" is clear, and we show "=^". Let 
ëo,ëi be any pseudo-orthogonal basis of the orthogonal complement E-^ such that 
ëo is time-like future pointing and ëi points into the same direction as ei, that is, 
M+ëi C Wr. By application of a boost one can transform the basis {eo,ei} of E^ 
into {ëo,ëi}. But the condition ^ = ^ is invariant undcr these boosts, and hence 

equivalent with |n- = |tj, where p^ are the (contra- variant) coordinates of p with 
respect to {ëo,ëi}. (For 

(Ai(t)p)i _ -Ftanh(t)/ 



{Ki{t)pf pO + tanh(t)pi 

and = ^o^^^i if and only = Now let, specifically, ëg, ëi be the pseudo- 

orthogonal basis of the orthogonal complement E-^ such that ëo is the normalized 
projection of q onto E-^. Then q lies in the linear span of E and ëo, hence q^ = 0. 
Then the condition ^ = ^ implies that p also lies in the linear span of E and ëo, 
which coincides with E + Mq. This proves the equivalence (B.5). 

Now E + Rq is a time-like hyperplanc which dividcs V+ into two connected 
components. The relation ^ > ^tr discriminates (for fixed q) those p contained 
the component which extends to space-like infinity in the direction ei. But the 
same component is discriminated by the relation p '^Wr Q- Therefore the relations 
coincide. □ 
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B.3 Proof of Lemma 3. 

We now show that our Lemma 3 is equivalent with Lemma 3.2 of Borchers et al. [7]. 
Suppose that the Fourier transform ƒ of ƒ has support in a neighbourhood of a 

point on the positive mass shcll iï^ (small enough as to contain no othcr spcctral 
points). Borchers et al. [7] define the velocity support V{f) of ƒ, with respect to 
some fixed time-like unit vector as reference frame, by 

V{f) = { (1, ^) , p = {po,p) e supp/ } , (B.6) 

where cü{p) = (p^ + m?)^. The velocity support V{(j)) of a single partiele vector 
(j) G y.^^^ is defined analogously, with supp/ replaced by the spectral support sppcp 
of (f). Borchers et al. [7] consider the Standard wedge Wr and define a partial order 
relation > on velocity space, namely, given compact sets Vi,V2 C M^, they write 
Vi > V2 if the set of difference vectors Vi — V2 is contained in Wr. They then show 
that there holds^^ 

G+(f)ó = / ^^^^^^ ^^^^ > ^^'^^ fB 7) 

\(G(/)f^x0)in ifV{^)>Vif). ^ ■ ' 

Let us first reformulate the condition on the velocity supports in (B.7). For a 
momentum vector p G V+ define the corresponding velocity v{p) := (l, &iid 
for two momentum vectors p, q define p >Wr Q if and only if 

v{p) - v{q) e Wr. (B.8) 

Then V{f) > F(^) if and only ii p >Wji Q ^^i all p G supp/ and q G spp4>. Since the 
support of the Fourier transform of G"*" is contained in the positive mass shell 
one may of course replace supp/ with supp/ H H^^ in the definition (B.6) of V{f), 
and the conclusion (B.7) still holds. Now for an arbitrary wedge W = AWr + a let 
us define p >w Q and only if 

A-^p >wu A-'g. (B.9) 

By covaxiance, and using U{g)~^G{f)U{g) = U{g)~^GU{g){g* f), where g* is the 
pull-back action oï g £ V^, one readily verifies that the result (B.7) of Borchers et 
al. is equivalent with our Lemma 3 — with the relation >w instead of the relation 
defined in Eq. (14). It remains to show that these two relations coincide on the 
mass shell. 

Lemma B.7 On the mass shell, the relation coincides with the relation >w 
defined in (B.8), (B.9). 



Proof. In a first step, we consider the standard wedge Wr. For a point p on the 
mass shell, v{p) is just p/p^. Hence for p,q G the relation p >Wr Q is equivalent 
with |(T > ^) and hence with p >-Wr Q by Lemma B.6. Let now W = AWr + a 

'^'^This is the content of Lemma 3.2 in [7]. The lemma treats only the case of Bosons with 
compact localization explicitly but, as the authors assert, easily extends to the case of Fermions 
and of localization in space-like cones. 



19 



be an arbitrary wedge. Recall that p >w Q means by definition A p >Wii ^ 
which we have just shown to be equivalent with A~^p G Wr + MA~^g, that is, with 
p G AWb, + Mg. But AWr is just the translated wedge W — a, hence p >w Q is 
equivalent with p)~w Q- D 
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